Pre-Calculus 12

Section 7.4 — Sum and Difference Identities

e We have a very clear and thorough proof on the website to explain and demonstrate where the

following identities are derived from

e For the sake of this course, take these identities at face value

Sum and Difference Identities

sin(A + B) = sinA cos B + cosAsin B

cos(A+ B) = cosAcosB —sinAsinB

sin(A — B) = sinAcos B — cosAsinB

cos(A — B) = cosAcosB + sinAsinB

tan(A + B) = tanA + tan B tan(A — B) = tanA —tan B
an " 1—tanAtanB an " 1+tanAtanB
Also, consider these additional identities
Even-Odd and Cofunction Identities
sin(—A) = —sinA cos(—A) = cosA tan(—A) = —tan4
T T ) T
sin (E_A) =cos4 cos (E_A) =sind tan (E_A) = cotd
T T T
csc (E_A) =secd sec (E_A) = cscA cot (E_A) =tanA

We can use a combination of these identities to help solve some trigonometry problems that may look a
little challenging. Let’s see some examples.

Example 1: Find the exact value of cos 105°
Solution 1: If we can achieve special angles, it simplifies things drastically

c0s 105° = cos(60° + 45°) - cos 60° cos 45° — sin 60° sin 45°

_ _ 1 V2 V3 42
cos 60° cos 45° — sin 60°sin 45 —57—77
V2 V6
T4 4
V26
4
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Pre-Calculus 12

e May need to be able to work backwards too, these identities do not need to be memorized, but get
fluid in their use

tan (2?”) — tan (3—’5)
1+ tan (Z?H) tan (3—75)

Example 2: Simplify

Solution 2: Working backwards we get...

tan (F) —wn(35) (3 an () =1

1+ tan (2%) tan (g—g)

12
Example 3: GivensinA = —g, Aisin Q3. cosB = ’ES B in Q4. Find sin(4 + B)

Solution 3: Consider that we will need cos 4 and sin B

A
B
N an 1 |
5 i 5 \Q. 5 10 |
|
| |
—4, -5
/5 13 l
| | |
|
a’+b*=r? - a®+(-4)? =5 a?+b?=r2 > 122+4b? =13
a*=25-16=9 - a=-3 b2 =169—-144=25 —> b=-5

sin(A + B) = sinAcosB + cos AsinB

(-5)(5)* (-3) (- 33)
5/\13 5 13

(-

~\ 65 65

Adrian Herlaar, School District 61 www.mrherlaar.weebly.com



Pre-Calculus 12

Example 4: Solve: sin (x + %) + sin (x - %) = -1, 0<x<2m
Solution 4: Again, here we need to expand and simplify, then solve for x over the Domain provided.

sin(x+%)+sin(x—%)=—1

( X T[+ . T[)+( . s . TL’) 1
SIn X COS— + COS X SIn— SINX COS——CcosxSsIn—) = —
4 4 4 4

Il
I
[

) T
2 sinx cos—

2 1
2sinx = —— - sinx = ——
2 ¥ U
: 4 :
Sine is Negative in Q3 and Q4.
Solutions are: 5T 71
3 — 4: —
¢ 4 ¢ 4
Example 5: Prove the identity: sin(A + B) + sin(A — B) = 2sinAcosB
Solution 5: Remember — Manipulate the more complicated side first and see where you end up
sin(A + B) + sin(A — B) = 2sinAcos B
(sinAcosB + cosAsinB) + (sinAcosB — cosAsinB) =
sinA cosB + sinAcosB + cosAsinB —cosAsinB =
2sinAcosB =
Example 6: Find the General Form of the Solution of: 2tanx + tan(m — 3) =3
Solution 6: Work with the info we have
tanm — tanx
2tanx + tan(m — 3) =3 -  2tanx+ ——— =13
1+ tanmtanx : Tan Positive in Q1 and Q3,
0 — tan x tan x but also has a Period of T !
2tanx + —————=+3 - 2tanx — =3
anx 1+ O(tanx) V3 anx 1
tanx=v3 - x=tan"'V3 | General Form:
T 4r : n , .
x=z and 3 (differ by m) 5 x=§+1tn, nis an integer
g e
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Pre-Calculus 12
e We can use Sum and Difference Identities to learn about Wave Function as well.
Example 7: Find the amplitude, period, and phase shift of:
0 n 0 n
f(x) = 3v/2 sin 2x cos 7 + 3v2 cos 2x sz
Solution 7: We need to write this as a single function. First look for Common Factors, then your Identities

T T
f(x) = 3v/2 sin 2x cos 7 + 3v2 cos 2x sinZ

T T
=32 (sin 2x cosz + cos 2x sin Z)

] b4
= 3+/2sin (2x + Z)
] b4
= 3\/§sm2(x +§)
. . 2 . T
Amplitude: 32 Period: - = b4 Phase Shift: x = — 3
Example 8: Simplify: csc(90° — ) sec(360° — 0) — tan(720° + 6) cot(450° — )
Solution 8: This question involves some of our Co-Function Identities and Sum/Difference Identities

csc(90° — 0) sec(360° — 8) = tan(720° + 6) cot(450° — 9)

| Co-Funct ion | 1 1 cos(450° — 6
| Co-Function i _ . — tan(720° + §) - 25¢#20° ~ 9)
l sin(90° — 6) cos(360° — 6) sin(450° — @)

1 1 _ tan 720°+tanf cos450°cosO + sin450°sin 6
cos@ cos360°cos 6 + sin360°sinf 1 —tan720°tand sin450°cos @ — cos 450°sin §

cos360° =1 1 1 _ 0+tanf  (0-cosf) +sinb
| cosf cosf + (0-sinf) 1—(0-tanf) cosO — (0 sinh)
sin360° =0
cos450° =0 1 1 sin @ 1 sinf sin@ 1 sin? 0
i . J— tan . - J— . - e
cosf cosf cos @ cos?28 cosf cosb cos?28 cos26
sin450° =1
tan720° =0 1 sin? @ 11— sin? @ B cos? 0 3
""""""""""""""""" cos?20 cos2®  cos?6  cos?6
4
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Section 7.4 — Practice Problems

1. Find the exact value of each expression.

a) sin15° b) cos(—75°)
51 11
c) tan— d) cot—
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2. Simplify each expression

a) sin24°cos36° + cos 24°sin 36°

b) cos55°cos10° + sin 55°sin 10°

T T

tang - tan%
A
30

1+ tang tan

. 23T b3 23m . m
d) sin—cos—— cos—sin—
18 9 18 9

s 7T .. . 7
e) cos—cos— + sin—sin—
8 8 8 8
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f) —r—n
1 —tan? tang
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sin3x cos3x

g) -
CSCX Secx

h) cos(4 + B) cos B + sin(A + B) sinB

. Vs . s
i) tan? (5 - x) sec? x — sin? (E - x) csc? x

3. Find the exact value of each expression

. T
a) tanx =3, findtan (x + Z)
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. B Y T s . Vs
j) sin (g—x) cos (§+ x) + cos (g—x) sin (§+x)

4
b) sinx = E' xisin Q1, find sin(x + %}
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12 _ o d) If both A and B are third quadrant angles,
c) cosx = E, x isin Q1, find cos(x + ?)

1
andcosB = — E' what is the value of

3
sin(A — B) ifsin4 = — E

12 5
e) Giventhatsind = E isin Q2, and f) GiventhattanA = E isin @3, and
3
secB = Z' is in Q4, what is the value of cosB = — E’ isin @2, what is the value of
cos(A + B) sin(A — B)
8
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Pre-Calculus 12

4. Find the solution, 0° < 8 < 360° or 0 < x < 2m, for each equation.

V3

a) cos8cos10°—sinfsin10° = E b) sin6 cos12° + cos 8 cos 78° = 7

c) cos3xcosx +sin3xsinx =0 d) 2tanx + tan(m — x) =3
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e) V2sin3xcos2x =1+ V2 cos3xsin2x f) cos(x+%)+COS(x—%) =1

5. Prove the identities

a) sin(A+ B) —sin(A — B) = 2sinBcosA sin(A + B) cotA + cotB
cos(A—B) 1+ cotAcotB

10
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sin(A—B) cos(A—-B) sin A 1+tanA
= ——m~ =1—tanA4
tan(A + Z)

sin B cosB  sinBcosB

e) sin(4 + B)sin(4 — B) = sin? A —sin’B f) cos(A+ B) cos(A — B) = cos? A —sin’B

11
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secAsecB cscAcscB
g) sec(A+B) = h) csc(A—B)=—""""""
1-tanAtanB cotB—cotA

6. Simplify the following statements

a) cos(90° — A)sin(180° — B) + cos(360° — A) sin(90° — B)

b) cos(4 —90°)sin(90° — B) — sin(B — 270°) cos(90° — A)

12
Adrian Herlaar, School District 61 www.mrherlaar.weebly.com
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c) tan(90° — A)tan(180° — A) secA + csc B sin(90° — B) c¢sc(90° — B)

d) sec(180° — A) csc(270° — A) — cot(630° + A) tan(540° — A)

7. Find the Amplitude, Period, and Phase Shift of the following trigonometric functions.

a) y = cos3xcosx —sin3xsinx b) y = —2sin2x cosg + 2 cos 2x sin%

. T T T . T . IT . I T Vi
c¢) y=3sin-xcos—+ 3cos=xsin- d) y=-—sin—xsin-— cos—xcos—
6 3 6 3 4 2 4 2

13
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8. Consider the expression tan (g + x) . Why can’t we use the identity for tan(A4 + B) to express it as a

function of x alone?

9. Demonstrate that tan (g + x) = —cotx

See Website for Detailed Answer Key

14
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Extra Work Space

15
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