Pre-Calculus 12

Section 5.3 — Properties of Logarithms

e Logarithms have some logic rules to how we can manipulate them
e They are grounded mostly in the exponent laws we learned in grade 9 and 10

Product Rule: log, AB = log, A +log, B
Proof
Letx = log, A Lety = log, B then....
b* =A bY =B so, by exponent laws...
AB = b* - bY - AB = b**tY and changing to Logarithmic Form...
logy, AB=x+y then sub back in for x and y
log, AB = log, A + log, B

Example1: Simplify log3 + log7
Solution 1:  Since we have the same base of the log, we can use the Product Rule

log3+log7 -  log(3-7) =log21

Quotient Rule: logb% = log, A —log, B
Proof
Letx = log, A Let y = log, B then....
b* =A bY =B so, by exponent laws...
A b* A
3 = oy - 5= b*~Y and changing to Logarithmic Form...
logb%= x—y then sub back in for x and y
logb% = log, A —log, B
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Pre-Calculus 12

Example 2:  Simplify log36 — log 4

Solution 2:  Since we have the same base of the log, we can use the Quotient Rule

36
log36 —log4 - log (T) = log 9

Power Rule: log, A" = nlog, A
Letx = log, A then....
b*=A so, by exponent laws...
b™ = A™ - log, A" =nx and changing to Logarithmic Form...
log, A™ = nx - log, A" =nlog, A then sub back in for x

Example 3:  Simplify logs 125 using the power rule

Solution 3:  Since we have a log, and an object that can be written as a power we can use the
Power Rule

logs 125 - logs 53 - 3logs 5 - 3

If the base and the object of the log are
the same it equals 1

Next, we will see: Change of Base Rule

Remember that the base x in log, can be any value. Using the change of base rule, you can
select what you want the base to be.

If you see:

log A it is implied that the base is 10 log. can be written as the natural logarithm In

The Log button on your

calculator defaults to Base 10 2
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Change of Base Rule: log, a = }gg—i;’l
Proof
Lety = logy, a then....
bY =a log, b¥ =log, a take the log, of both sides...
log, a
ylog, b = log,a - y= @ divide and solve fory, x > 0
log, a= 1222 then sub back in for y
Example 4: Find logs 5 to three decimal places
Solution 4:  You need to get to base 10 so you can use the Log button on your calculator

So, when you change the base, pick base 10 (remember, you can pick any base you want)

log5  0.699 465
log3 0477

logs 5 =

Example 5: Write log; 5 as a ratio of Natural Logarithms (In (Natural Log)
Solution 5:  We are trying to get a log with a base e (a mathematical constant)

i You have a Natural Log
button on your calculator

“log,3 In3  1.099..

log.5 In5 1.606..

= 1.465

Good to know rules for Logarithms: In all cases, b > 0,b + 1

1. log,1=0 2. logyb=1 3. log, CD =log, C +log, D
4. log, 2= log, A —log, B 5. log, A" = nlog, A 6. log, a= log, a
B : b log, b
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Putting it all Together

e Animportant aspect of Logarithm rules
e ltis solving the puzzle that is ‘what to do’ and ‘what rules can | use’

Example 6:  Write each logarithm in terms of log 2 and log 5

a) log40 b) 10g£5
4

Solution 6:  Consider powers and consider factors, always a good place to start

a) log40 = log(8-5) | Factor 40 into strategic factors
= log8 + log 5 Cproducthue |
= log 2% +log5 " Write Object as 2 Base to a Power.
~3log2+log5 | powermule |
o) log™2>  =log125 — log# . Quotient Rule |
— log 5° — log 22 . Write Object as a Base to a Power |
=3log5—2log2 PowerRuIe -----

Example 7:  Find the exact value of the following:

a) logs 35 b) log; 3* —log, 2° c) log, 16

Solution 7:
a) logs Y5 - logs 55 b) logs 3* —log, 2° c) log,16 — log,4?
4log; 3 — 6log, 2 2log, 4

L 1
—108s -z
6 6 4—6=-2 2
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Simplifying Expressions

e Expanding and condensing Logarithmic expressions is a skill in itself
e Animportant aspect though, is knowing when you cannot go any further

Example 8: Expand the following Logarithmic Functions

3.4 -

a) logz5x°y b) 10g\/7x 4

Solution 8:

a) logz5x3y* - logs 5 + logs x3 + logs y* | | Product Rule

V7x -4

b) log - logv7x — 4 —log5 | Quotient Rule |
1 R EERLELELEELEEE ,
log(7x — 4)z —log 5 E Root to Exponent !
1 e
5108(795 —4) —log5 E Power Rule

Example 9: Condense each Logarithmic Expression

a) 4log2(x+1)+§log2x b) In5—-3In(x+1) —4Inx

Solution 9:  Watch multiple subtraction, it can help to waterbomb negatives, makes it easier

1
a) 4log,(x+ 1)+ %logz x - log,(x+ 1)* +log, x3 - log,(x + 1)* + log, Vx

___________________________

.......................
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b) In5—-3In(x+1) —4Inx - In5—(3In(x +1) +4Inx) | Factorthe negative |
In5— (In(x + 1) + Inx*) - In5— (Inx*(x + 1)3)
Exponent Rule Product Rule
5
x*(x+1)3

Other Helpful Rules

More obscure, but helpful rules for Logarithms: In all cases, b > 0,b # 1
7. blgrd =g, a>0 8. log,a=— 9. logya = —logra
logg b b
10. log, 1 —log,, x 11, 108ax _ logpx 12.log, x = log, ¥, only whenx =y
x logay logpy
Example 10: Simplify: ! :
xample 10: Simplify: og.12 | log, 12
Solution 10:
L 1! logip3+logi, 4 | Rule #8 |
_) 1 1
logz 12 ' log, 12 0812 0812 f eI
log;, 3 + logy, 4 - log,,(3-4) { Product Rule
log;,12=1 | Rule #2 |

...............
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e The Change of Base Rule is one of the most helpful rules when simplifying
e ltrequires a solid understanding of factors and exponential values

Example 11: Simplify 18log; x + 12logq x — 3log,,; x
Solution 11: How do we even approach this? Sometimes play around and see where

you end up. But in this case, notice aspects of the base of the log. Each
base is a power of 3. Free that base by using Change of Base and start
there.

1810gx+1210gx 3logx o
log 3 log9 log27 9T P

18log; x + 121logg x — 3log,,; x =

18logx 4 12logx 3logx 18logx N 12logx 3logx
log3 log9 log27  log3 = log32 log33

18logx 4 12logx 3logx 18logx N 12logx 3logx
log3 log32 log33  log3 2log3 3log3

18logx 12logx 3logx 18logx 6logx logx
log3 ~ 2log3 3log3  log3  log3 log3

18logx 6logx logx 23logx

log 3 log 3 _log3_ log 3 B EREEEELEEEEEEEY

23logz x \ Reverse Change of Base to Write as One Cohesive Logarithm
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Section 5.3 — Practice Problems

1. Write the following logarithmic expression in terms of log 2 and log 3

a) log6 b) log12

c) log72 d) log3200
e) log0.36 f) log, 216
g) log5.4 h) loges 180

i) log,52160
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2. Find the exact solution without a calculator

a) log; 81 b) 10g2$

c) log, V8 d) logs V125

e) logy 2722 f) logs-

g) (log, 8)(log.632) . log,-, 81
log,; 125

i) logy 2+ log, 32

j)

loge 16 — 21og; 2

3. Use the properties of logarithms to expand the following (if possible)

a) log100x2y3
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c) log(x? + y3)*

d) log*(x? + y3)

25x2%y3
z

e) logs

f) log+/x?(x + 2)

g) 4log,(2x)*

x2y+1
h) log, e
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4. Condense into one single logarithmic quantity

a) logs x —logs 25 b) log; x — 2log; 27

o) logvx — logxz d) log(x% — 1) —log(x + 1) —logx

e) log(3x? —5x — 2) —log(x? — 4) —log(3x + 1)

11
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f) logs(2x —3) —logs(2x%? —x — 3) +log; 3(x + 1)

g) 2[log(x? —1) —log(x + 1) —log(x — 1)]

h)31 4t — S 1ogy®
2ng 2Ogy

12
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1 i 2_4)— —
5. Simplify
a) logb xlogx a b) xlogx 20-log, 4

13
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c) (log, 10)(log48 —log3) log x3 + log x°
logx® — logx3

) (a)log 0.5 (a)log 0.2 f) 4_—210g4_ 3
e = | =

14
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\3

g) 10logyx —12loggx V3
10

h) logm + log% + %log% — log

i) log(1l—x3)—1log(1l+x+ x?%)—log(1l—x)

15
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log, x log, x
logapx logpx

j)

1 1
loggx  logpx

k)

16
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) (logs9)(logz 7)(log; 5)

See Website for Detailed Answer Key
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Extra Work Space

18
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