Calculus 12

Chapter 10 Notes: Area

10.3 The Natural Logarithm as an Area

The function y = In x is defined as the inverse of the function y = e*. Recall that the derivative of the

. . d il . 1
natural logarithm is o (Inx) = oy The function y = "

is continuous and positive in the interval (0, o),

and continuous and negative in the interval (0. —oo0). The graphs of these functions are shown below.

Notice that the graphs of y = Inx and y = e* are reflections of each other around the line y = x. This is

true of all inverse functions.

Find the area under y = i from 1 to x.

The diagram to the left shows the area A(x) that
we are trying to calculate. Since the derivative of
A(x) is equal to the function we have the
following.

N

Ax) =

Choosing the antiderivative
find the area function.
A(x) =F(x)—-F(Q)
=lnx—-Ilnl &—

~y

(x) = Inx we can

Inl = 0

If x > 1, the natural logarithm In x is the area under the curve from y = i from 1 to x.
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Ex. 1
Find the area under y = i fromx =1tox =e.

Acms [ e~ ln!

Find the area under y = %from xtol,0<x <1

The diagram to the left shows the area A(x) that
we are trying to calculate. Again, since the
derivative of A(x) is equal to the function we
have the following.

A(x) =

Choosing the antiderivative
find the area function.
A(x) =F() - F(x)
=Inl—-Inx

¥y

"'J><|,_.

(x) = Inx we can

The natural logarithm In x is the negative of the area under the curve y = % fromxtolfor0<x <1

Ex.2
Find the area under y = i fromx =05tox = 1.

Aor = lnt- lho.S

> 0-n0.%
} =2 —\nO.S‘
2 0,633 147
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Ex.3

(a) Prove that the area of the region {r = {(x,y)|4 <x < 9,0 < xy < 1}is2In1.5.
(b) Use an area to prove that In 1.5 < 167‘54.

() (b) --
i Lh(g+4
s —_—
B (n(%‘} & o L
« [n 225 = US)H(4xq) - §(§
% 2 3¢ 2\ 36
= [ (1.9) % 2\S < &S
i %2 = &S
Ex. 4 PATMRY WS < i;_‘\ 12
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Prove that A = A; + A, if A, A;, and A, are the areas in the diagrams shown below.

I
P

-

5

Az_&\ = \V\\" \V\ji

A(,‘,\‘: lh,\ - ‘l\'!s'
L
2 2 O0-n =
2 - L
2 lr\, 2
’ 2 =\ 1’3 + - lr\ ,
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