Ch. 2: Derivatives
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Calculus 12

2.6 The Chain Rule

How do we compute the derivative of a function such as F(x) = v2x2 + 3? This type of function is a
composite function meaning it can be built up from simpler functions.

y=f@=+vu and u=gx)=2x>+3

Then

flgx) =f@2x*+3)=y2x2+3=F(x)

That is, F = f o g. We can compute the derivative using the Chain Rule which will give the derivative of
F in terms of the derivatives of f and g. Interpreting the derivative as a rate of change the % would
represent the rate of change of u with respect to x, :—z as the rate of change of y with respect to u, and Z—z

is the rate of change of y with respect to x.

If u changes twice as fast as x (Z—Z = 2) and y changes three times as fast as u (Z—Z = 3), then you would
expect y to change six times as fast as x. Looking at it algebraically it would look like this.

dy dydu
dx  dudx
The Chain Rule

If the derivatives of g’ (x) and f'(x) both exist and F = f o g is the composite
function defined by F(x) = f (g (x)), then F'(x) exists and is given by the product

F'(x) = f'(g(x))g’ (x); that is

d ’ ’
F(9() = ' (900)g’' )

To use the Chain Rule, you differentiate a function from the inside to the outside.

The Chain Rule in Leibniz Notation
Ify = f(u), where u = g(x), and f and g are differentiable, then y is a
differentiable function of x and

dy dydu
dx dudx

Ex. 1
Find F'(x) if F(x) = V222 + 3. (et o = 0y 2+3
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Ex. 2
Ify = u'® +u® + 2, where u = 1 — 3x2, find d—y]
dxly =

dy . dy  du
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du > -6 = (10¢-5@) + S( ) (-6) w= =&

. %EL 3 (- 5040)-6) =30 240\

When the outer function is a power function a special case of the Chain Rule occurs. Suppose that y =
f ) = u™, where u = g(x). Using the Power Rule and then the Chain Rule, we get

dy dy du du
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Power Rule Combined with Chain Rule
If n is any real number and u = g(x) is differentiable,

then
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Ex. 4

Find f'(x) f;)r the following function. ( ‘()_-'li
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Ex.6 3 Pradack Ple will Chein Rule

Find the derivative of the function f(x) = (x% + 1)(2 — 3x)*.
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Ex. 7
If h is a differentiable function find the derivatives of the following functions.
(@ F(x) = [h()]? (b) G(x) = h(x?)
Feas 3lhoal™ I ba= b
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Ex. 8

Findy'ify =vx +vx? + 1.
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