Calculus 12 Ch. 1: Limits and Rates of Change
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1.3 One-Sided Limits /

Consider the function described below.

0.99 0.9801 1.01 1.99
0.999 0.998 001 1.001 1.999
Written mathematically, we can say

x—1" x—-1+

A better understanding of what is happening with this function as x approaches 1 can be found by looking
at the graph of f(x).
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Limits for any function f(x) as x approaches some value a can be considered from the left (x < a) and
from the right (x > a). Written mathematically
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Calculus 12 Ch. 1: Limits and Rates of Change

And is read “the limit of f(x) as x approaches a from the left equals L.” Similarly, “the limit of f(x) as x
approaches a from the right equals L” can be written

lim f(x) =L
x—a

Evaluating the limit from both the left and right sides of the number a provides a means of testing whether
the limit as f(x) as x approaches a exists.

If lim f(x) # lim f(x), then lim f(x) does not exist.
x—-a x-a x-a

If lim f(x) =L = lim_f(x),thenlim f(x) = L.
x-a x—-at x-a

For computing one-sided limits, the properties presented in the previous section still apply.
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Ex. 1
Find lim x.
x-0*
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Ex. 2
Show that lirr(l) |x] = 0.
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Ex.3
The Heaviside function H is defined by
0, ift<0

H(t)={1 ife>0 -
This function is named after the electrical engineer Oliver Heaviside (1850 — 1925) and can be used to

describe an electric current that is switched on at time t = 0. Evaluate, if possible, each of the following.
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Ex. 4
Determine whether the limits below exist for the following function.
—x -2, fx<-1
flx) = X, f-1<x<1
x% —2x, ifx>1
@ lim f(x) (b) lim f(x)
X3-1" xa-\F X3\~ w1t
L—'\_(—x-—z) =3 A4 = /. (%) Ny A
X3 - wa-1F xal” = ~2x
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Calculus 12 Ch. 1: Limits and Rates of Change

Discontinuities

Recall the definition of a continuous function requires that the limit of the function as x approaches a
must be equal to the value of the function at that point.

lim £(x) = f(a)

Implicitly this definition requires three things if f is continuous at a
1. f(a) is defined (so a is in the domain of f)

2. lim f(x) exists
x—-a
3. lim f(x) = f(a)
x-a
If f is not continuous at a, we say f is discontinuous at a, or f has a discontinuity at a.

Ex. 5

Find where the following functions are discontinuous.
x%+1, ifx<0

flx)= 0, ifx=0

: x2—1, ifx>0

x+1, ifx#2
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Calculus 12 Ch. 1: Limits and Rates of Change

Ex. 6
The cost of a long-distance phone call from Pine Bay to Hester is 26¢ for the first minute and 22¢ for

each additional minute (or part of a minute). There is a minimum charge of 34¢ on all calls. Draw the
graph of the cost C (in dollars) of a phone call as a function of the time ¢ (in minutes). Where are the
discontinuities of this function? ;

c®) = 0.34 £ oet<l

<
c() = 0.26+0.22 conus f  letg2

c()= 0.26+ 2(6.22) = &30 £ 2 <te3

c(d)= 0.286+302Y)= 092 £ 3<tey
_@\sx&x! _“\‘Q P&ﬂd»\ C(A\'{\M-lé‘ L0 w2 l\o\x d\s(_a\l(\'\k\"l\d
Lin &)= 0.34 4 L= L33, ...
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Homework Assignment
Exercise 1.3: #1, 3, 4acegi, 5,7, 8, 10 ac, 11, 14
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