Calculus 12 Chapter 11 Notes: Integrals Part 1

11.3 The Substitution Rule

Consider using the chain rule to differentiate y = vx2 4 1, we would get the following as a result.

4 1= + 1730 = —
dx d _Zx ol _\)x2+1

Rewriting this in terms of indefinite integrals, we have

X
— 2
f x2+1dx x2+14C

This process of thinking of the Chain Rule in reverse can be used to evaluate other integrals. Recall the
general version of the Chain Rule:

d I I
EE[F (g)] =F'(g())g' (x)

Reversing this and rewriting in terms of integrals, we get

[ P(e6)g'Grdx = F(g) + ¢

Another way to approach this is to change from using the variable x to another variable u = g(x). This
replacement can simplify the look of the problem.

jF’(g(x))g'(x)dx =F(gx))+C=Fw)+C= f F'(w)du

Finally, if we now write F' = f, we get

ff@@nyawx=ffmwu

Substitution Rule for Indefinite Integrals

If u = g(x), then

ff@&nj@ﬂx=ffwwu
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Ex.1
Find: M 2
f(xz —5)82x dx gb" T u- XL, < JHU:\ -C(u.\ = W
8
and %‘ 6o = dx dx f (3@3\ 2 (541’3')

Jof—s‘)‘ Wxdoe = g Fcﬁcm 5‘@ d ffﬂ

q
_j__(:.{. C = | (x*=%) C
N w ) *
{ fen a =

B S U.adLL s

One easy way to remember the Substitution Rule is through the concept of a differential. If u = g(x) is a

differentiable function, we can define the differential dx to be an independent variable; that is, dx can be

given the value of any real number. Then the differential du is defined in terms of dx by the equation
du = g'(x)dx

For example, if u = 5x8, then du = 30x°dx.

Regarding the dx and the du after the integral signs as differentials, we have

f F(900)g' @ dx = f Fadu

which is the Substitution Rule. This means that in using the Substitution Rule, all we have to do is treat
dx and du after the integral signs as differentials. For instance, Example 1 could be solved as follows:

Ex. 1
Solution 2
Letu = x? — 5. Then du = 2x dx, so
f(x2 —5)82xdx = fus du
=L,
— 9

_@#5
D

+C

16



Calculus 12 Chapter 11 Notes: Integrals Part 1

Ex.2

Evaluate the following integral.
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In trying to choose an appropriate substitution, try to choose u to be some function in the integrand whose
differential also appears (except for perhaps a constant factor). In Example 1, we chose u = x? — 5 because

du = 2x dx also appears. In Example 2, we chose u = 1 — x3 because du = —3x? dx also appears.
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Ex. 4
Find:
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The substitution rule can also be used for definite integrals as well. All we have to do is to change the

limits of integration for the appropriate values of u.

If u = g(x), then
b g(b)
| #lg@)g crax =

g(

Substitution Rule for Definite Integrals

fw)du
a)
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Ex. 6
Evaluate the following definite integral.
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Ex. 7

] 1
Find the area under the curve y = AT

=] from 0 to 1.
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Homework Assignment L%_,/—\

e Practice Problems: #1, 2, 3odd, 4abcd, 6
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